Herd behavior is an important economic phenomenon, especially in the context of the recentnancial crises. Prior studies propose several measures to quantify herd behavior. In this paper, we show that these measures re ect di erent perspectives on this behavior, and hence, their interpretation requires great care. Taking a critical attitude toward existing herd behavior measures, we study their properties and pitfalls in detail.
Introduction
The Chicago Board Options Exchange's Volatility Index (VIX) is the implied volatility of the S&P 500 Index [17] . This measure can be seen as a forecast for the expected market volatility in the near future, typically 30 days, and is often referred to as an indicator for market fear or market stress. An extensive review on the VIX can be found in, for example, Whaley [36] . However, VIX is not a unique barometer for measuring market fear. Liquidity risk and herd behavior are other aspects of fear or panic levels in the market. Recently, herd behavior has gained increasing attention in nance; see, for example, Dasgupta et al. [10] , Sias [31] , Kim and Pantzails [21] , Bikhchandani and Sharma [33] , and James et al. [18] . The term herd behavior is often used to describe comovements of members in a group, and it is highlighted as an important economic phenomenon, especially in relation to the recent nancial crises.
In this paper, we study the properties and pitfalls of several measures to explain herd behavior. A rst measure, introduced by Christie and Huang [9] , measures the cross-sectional standard deviation (CSSD) of returns, i.e., the ratio of the average proximity of individual asset returns to the realized market average to identify herd behavior. Chang et al. [5] , Chiang and Zheng [8] , and Prosad et al. [28] used CSSD to demonstrate that several countries showed strong evidence of herd behavior. These papers make a favorable impression in their demonstration of herd behavior in stock markets by country. However, their results did not indicate the actual timing of the occurrence of herd behavior. The second measure is the implied correlation index (CIX), suggested by Skintzi and Refenes [32] , which is the ratio of the sum of the weighted covariance to that of the weighted variance between stocks. To have a meaning of future correlation, CIX was computed based on options prices. The third measure is the Herd Behavior Index (HIX) suggested by Dhaene et al. [13] . It is based on a market volatility estimate of the Dow Jones index which is compared with the volatility of a perfect comonotonic version of the Dow Jones index. The HIX is an index that can identify herding e ects. Lastly, a revised version of HIX, called RHIX, was independently introduced by Kim et al. [20] and Dhaene et al. [14] . RHIX was proposed as an alternative to the HIX in Kim et al. [20] and several mathematical properties, such as monotonicity and permutation invariance, were discussed in Dhaene et al. [14] .
Woojoo Lee: Department of Statistics, Inha University, 235 Yonghyun-Dong, Nam-Gu, Incheon 402-751, Korea, E-mail: lwj221@gmail.com *Corresponding Author: Jae Youn Ahn: Department of Statistics, Ewha Womans University, 11-1 Daehyun-Dong, SeodaemunGu, Seoul 120-750, Korea, E-mail: jaeyahn@ewha.ac.kr A crucial point of this study is that these herd behavior measures re ect di erent perspectives on quantifying the degree of herd behavior but no single measure is all-encompassing and free from criticism. For example, the HIX aims to capture the degree of herd behavior by comparing the variance of the stock index to the variance of corresponding hypothetical stock index with perfect herd behavior. Perfect herd behavior assumes that all stock prices in the index are comonotonic. Since comonotonic stock prices can be represented as stock prices driven by a common factor, the HIX can be interpreted as the degree of how the entire stock market moves as one homogeneous group. This is the view of the HIX on herd behavior, but is only one perspective on herd behavior. Further in this paper, we will provide a numerical example showing that the HIX tends to indicate high degrees of herd behavior in the market with one large stock, regardless of the dependence between stock prices, which shows that it has some de ciencies too.
Finally, as a last measure we discuss CIX, which is a herd behavior measure de ned by the weighted average of correlations, which is a natural dependence concept based on spherical and elliptical distributions. Since the degree of herd behavior implied by the CIX is determined by the linear relationship between stock prices, the CIX view on herd behavior is the linear dependence of stock prices. Therefore, as Embrechts et al. [16] and Dhaene et al. [13] pointed out, the correlation coe cient, hence CIX, has di culty capturing the herd behavior formed by the non-linear relationship between stock prices. In addition, the CIX strongly depends on the size of volatility and this requires great care for its interpretation. We will provide a numerical example showing that the CIX indicates a low degree of herd behavior even when stock prices have high correlation. We also demonstrate that the CIX and HIX are not well-normalized measures in the sense that they should have di erent interpretations as to the degree of herd behavior, even when they have the same values if they are estimated using di erent markets. This makes it di cult to compare the CIX and HIX values from di erent markets. On the other hand, the RHIX can be regarded as a normalized version of the HIX, so the RHIX values from several markets can be compared to assess the degree of herd behavior in markets. However, also the RHIX is not a zero-defect measure in that it does not re ect all aspects of herd behavior. Therefore, great care is needed to interpret these herd behavior measures. These observations will be explained in detail using simple numerical examples. This paper is organized as follows. In Section 2, we review the concept of the CIX and HIX herd behavior indices. In Section 3, we consider the RHIX and compare its characteristic with those of the CIX and HIX. In Section 4, we discuss the in uence of the time window on these herd behavior measures. Finally, Section 5 concludes with suggestions for the direction of future research.
Herd Behavior Indices
In this section, we describe the CIX and HIX and investigate their properties and pitfalls. We introduce basic notation to formally de ne herd behavior measures. Consider d di erent stock indices from d di erent countries.¹ Let X(t) = (X (t), · · · , X d (t)) where X i (t) is the representative stock index of the i-th country at time t. The weight vector w is denoted by
For a given w and X(t), consider a new weighted market index, S(t), which is de ned as a linear combination of d di erent stock indices:
We de ne the joint distribution of X(t) as
and let
be the marginal distribution of X i (t), i ∈ { , · · · , d}. Further, let U be a uniform random variable on ( , ). In addition, we use F − X i (t) , σ X i (t) and µ X i (t) as the inverse of F X i (t) , standard deviation of X i (t), and expectation of X i (t), respectively. Here, we assume that the mean and variance of the stocks are nite.
Intuitively, herd behavior relates to the strength of positive dependence between the components of a random vector and the strongest herd behavior corresponds to perfect positive dependence. This concept, formalized as comonotonicity, has developed in nance and insurance research over more than 20 years, and has its mathematical roots in probability (e.g., Fréchet-Hoe ding bounds) and operations research. The Appendix provides a formal de nition and the basic properties of comonotonicity. The mathematical properties of comonotonicity are summarized in Dhaene et al. [11] , Cheung [6] , and Nam et al. [27] . In particular, as Theorem A.1 in the Appendix shows, Dhaene et al. [11] showed that X(t) is comonotonic if and only if
where D = represents an equal distribution. This expression, which we use as a de nition of comonotonicity throughout this study, shows that comonotonic risks are driven by a single risk factor, U. The increase in X i implies an increase in all other stock prices because F
to represent the comonotonic elements of X(t). Similarly, the weighted sum of the components of the comonotonic vectors, S c (t), is de ned as
Theorem A.2 in the Appendix describes some properties of S c (t).
. CIX and HIX
An obvious approach to describe herd behavior is to use pairwise correlations between stock prices. Skintzi and Refenes [32] de ned the weighted average of the pairwise correlations among stock prices, the implied correlation index (CIX), as
When d = , the CIX exactly corresponds to the Pearson correlation between two assets. Importantly, the (co)variance terms in both the numerator and denominator of (1) are calculated from the options prices of stocks and the portfolio/index. A detailed generalized approach can be found, for example, in Linders and Schoutens [25] .
The following proposition states some properties of the CIX.
, and w i be given for i = , · · · , d.
For any X(t), we have
− i w i σ X i (t) i≠ j w i w j σ X i (t) σ X j (t) ≤ CIX w, X(t) ≤ i≠ j w i w j cov X c i (t), X c j (t) i≠ j w i w j σ X i (t) σ X j (t) .(2)
The lower/upper bound in (2) is attained if and only if
for some constant c ∈ R.
The upper bound of (2) is attained if and only if X(t) is comonotonic. 4. If elements of X(t) are pairwise uncorrelated, then CIX w, X(t) = .
The proof is given in the Appendix. The condition (3) can be interpreted as a condition for joint mixability. Note that not all marginal distributions can achieve the joint mixability condition (3). Detailed information on joint mixability and the condition for (3) can be found in Ahn [1] , Bernard et al. [3] , Lee et al. [23] , Puccetti et al. [29] , Puccetti and Wang [30] , Wang and Wang [34, 35] .
Dhaene et al. [13] pointed out that using a pairwise correlation may fail to capture herd behavior, especially under the non-linear relationship between stock prices. They proposed a new herd behavior measure of stock prices, called the HIX, de ned as
which is the ratio of the variance of the real market situation to that under the comonotonic assumption. Var(S c (t)) in (4) represents the variance of the weighted market index under the comonotonic assumption.
By adopting the comonotonic concept, the HIX can avoid the CIX's inability to capture the non-linear relationship among stock prices. Skintzi and Refenes [32] and Dhaene et al. [13] applied CIX and HIX to the Dow-Jones industrial average and interpreted the high peaks of the indices as signs of stress before crisis. Because the indices showed a tendency to increase when the market index decreases in their empirical study, the indices were interpreted as indicators to describe herd behaviors due to fear or stress in the market.
. CIX and HIX Perspectives on Herd Behaviors
In this section, we explain the two perspectives of the CIX and HIX on herd behavior through a multivariate geometric Brownian motion model of stock indices. Dhaene et al. [13] used this model to explain the properties of the HIX and to motivate its use.
The return on asset i, dX i (t)/X i (t), consists of two parts. The rst is r i dt, where r i is a measure of the average rate of growth of asset i. The second is represented by σ i dB i (t). Here, σ i is the volatility of asset i and dB i (t) is the instantaneous changes in the standard Brownian motion. We use ρ ij for the correlation between two random variables dB i (t) and dB j (t) for i, j ∈ { , · · · , d}. The corresponding model is
. . .
where (B (t), · · · , B d (t)) is the multivariate Brownian motion.
For explanatory purposes, we consider a model with only two assets and further de ne S(t) = w X (t) + w X (t). For this model, the HIX is calculated as HIX w, X(t) = w σ X (t) + w σ X (t) + w w σ X (t) σ X (t) corr(X (t), X (t))
where E X i (t) = e r i t and σ X i (t) = X i ( ) e r i t (e σ i t − ). The correlation coe cients are
and
Similarly, the CIX can be calculated as
with corr(X (t), X (t)) as de ned in (6) . As brie y mentioned in the introduction, the HIX and CIX de ne herd behavior in a fundamentally di erent way. While the HIX measures, in terms of comonotonicity, how the current market is acting as one homogeneous market, the CIX measures the degree of herd behavior via the (weighted) average of correlations among individual assets. Since the correlation does not properly represent the degree of comonotonicity mainly due to the non-linear relationship between the random variables mentioned in Dhaene et al. [13] , Embrechts et al. [16] , Linders and Schoutens [25] , the CIX and HIX can behave di erently when the non-linear relationship between stock prices is prominent. The following example shows the di erence between the CIX and HIX more speci cally, and shows they are not perfect measures of herd behavior.
Example 2.1. In this example, consider the following two cases.
Case 1.
Two stocks have equal variance, σ X (t) = σ X (t) , with di erent weights. Case 2. Two stocks have equal weights, w = w , with di erent variances.
First, note that by Proposition 5.6 of McNeil et al. [26] , the dependence structure between X (t) and X (t) is determined by ρ only, and the other parameters are involved in only the marginal distributions. Hence, di erent ρ values re ect di erent dependence structures, and di erent variances re ect di erent marginal structures.
In Case 1, we consider two extreme settings: one with a high correlation between two stocks, ρ = . , and the other that assumes independence, ρ = . As Figure 1 (a) shows, regardless of whether the two stocks are correlated or not, the HIX increases to 1 as the weight of one stock, w , increases. Hence, when one stock price has a much larger weight than that of the other stock, the HIX indicates that the market is almost "comonotonic," even though the two stocks are uncorrelated. On the other hand, note that the CIX, which is the same as the correlation between two stock prices, as (7) shows, does not depend on the weights of the stocks for d = , as speci ed in (7) .
In Case 2, we can argue similar logic given the same correlation settings: one with a high correlation, ρ = . , and the other that assumes independence, ρ = . As Figure 1 (b) shows, regardless of whether the two stocks are correlated or not, the HIX increases to 1 as the variance, σ X (t) , of one stock increases. Hence, when one stock price has a relatively larger variance than the other stock price, since the stock price with the larger variance dominates the variance, the HIX indicates that the market is almost comonotonic, regardless the dependence between stock prices. On the other hand, as Figure 2 shows, when ρ = . , the CIX is signi cantly decreasing as the volatility of one stock price is increasing. This implies that correlation does not properly represent the degree of comonotonicity.
In summary, the HIX view on herd behavior is the degree of how the whole market goes in one direction. With this view, when one stock dominates the market, it would appear that the whole market goes in one direction, regardless of the movements of all other stocks, so that a high HIX value is expected. However, when comparing herd behaviors, the HIX may not be appropriate because the characteristics of marginal distribution strongly a ects the HIX. Therefore, researchers should be careful about whether their research purpose is compatible with the HIX perspective on herd behavior.
The Revised HIX
The RHIX was originally developed as a competitor to the HIX. However, we view the RHIX as an alternative herd behavior measure in this study to mitigate the pitfalls of both the CIX and HIX.
De nition 3.1. De ne the weighted covariance of the random vector X(t) with weight w as
Using the notation in (8), we de ne the RHIX as
which is the ratio of the weighted average covariance of stock indices to the weighted average covariance of comonotonic stock indices. Similar to the CIX and HIX, the implied version of the RHIX can be calculated using the options price.
Alternatively, the RHIX can be expressed as
This expression does not require an estimation of the covariance terms, but instead requires an estimate of the portfolio and asset volatilities to calculate the RHIX. To compare the RHIX in (9) with the HIX, we express the HIX as follows:
Unlike the HIX, the RHIX depends on the pure covariance terms only. By removing the variance terms from both the numerator and the denominator in (10), we obtain the RHIX. In addition, by comparing (1) and (9), we note that the RHIX only di ers from the CIX in the denominator, where the covariance terms of comonotonic stock prices, cov X c i (t), X c j (t) are replaced by σ X i (t)σ X j (t). Hence, we have CIX w, X(t) ≤ RHIX w, X(t)
The following example represents a signi cant di erence between the RHIX and other herd behaviors, the CIX and HIX, more concretely. 
Again, we consider Case 1 from Example 2.1 with two extreme settings: one with ρ = . and the other with ρ = . As the weight of one stock, w , increases, the stock market is dominated by one stock and the HIX expects high degree of herd behavior. On the other hand, as Figure 1 (a) depicts, the RHIX identi es the presence of herd behavior in the market depending on the correlation parameter ρ . Note that from (7), the CIX remains constant with the weight w .
In Case 2 of Example 2.1, we can use similar logic given the same correlation settings: one with a high correlation, ρ = . , and the other that assumes independence, ρ = . As already discussed, when σ is relatively larger than σ , since the uctuation is dominated by the stock price with σ , the HIX may view the stock market as being almost comonotonic, regardless of the dependence between stock prices. On the other hand, the RHIX identi es herd behavior depending on the correlation parameter ρ , as Figure 1 (b) depicts. Note that the CIX decreases in the same situation.
As Lee and Ahn [22] shows, the RHIX can be understood as the following weighted average of normalized correlations:
where the weight and the normalized correlation are de ned as
respectively. Comparatively, we note that the CIX can be represented not as the weighted average of normalized correlations, but as the weighted average of simple correlations:
where the weight is de ned as
As Example 3.1 shows, regardless of the other parameters, the RHIX is always as long as two assets are uncorrelated and is always as long as two assets are comonotonic. This interpretation can be generalized to an arbitrary number of assets. Thus, becomes the reference for no herd behavior and becomes the reference for perfect herd behavior. On the other hand, it is di cult to set a reference for no herd behavior with the HIX and to set a reference for perfect herd behavior with the CIX. The following proposition shows the properties of the RHIX.
For any X(t), we have
− i w i σ X i (t) i≠ j w i w j cov(X c i (t), X c j (t)) ≤ RHIX w, X(t) ≤ .(11)
The lower bound of (11) is attained if and only if
for some constant c ∈ R. (11) is attained if and only if X(t) is comonotonic. 4 . If elements of X(t) are pairwise uncorrelated, then RHIX w, X(t) = .
The upper bound of
The Appendix provides the proof. Similarly to Proposition 2.1, not all marginal distributions satisfy the joint mixability condition in (12) . Although both the HIX and RHIX can detour around the limitation of correlation coe cients by introducing comonotonicity, obviously such measures depend not only on the dependence structures, but also on the marginal distributions. Hence, they are not concordance measures that purely depend on the dependence structure: for the de nition of a concordance measure, see Joe [19] .
Since the CIX, HIX, and RHIX can be used to measure herd behavior under di erent units, the invariance property under a linear transformation is desirable. The following proposition (proof in the Appendix), states that they indeed have such an invariance property. The inner product between two vectors is de ned as HIX a · w, a − · X(t) = HIX w, X(t) .
RHIX a · w, a − · X(t) = RHIX w, X(t) .
Influence of Time Window on Herd Behavior Measures
Consider a stock market with only two assets with the model in (5) . Then, as shown in Lee and Ahn [22] , we have the following asymptotic property as t → :
Since ρ is the parameter of copula with the model in (5), we conclude that the RHIX e ectively re ects the dependence structure when the period of interest is relatively short. On the other hand, the following asymptotic result
shows that the HIX does depend on both ρ and marginal characteristics σ and σ , which di erentiates between the HIX and RHIX for a short period.
We now investigate the long-term behavior of the RHIX and HIX under the same setting. Then, for − < ρ < , the RHIX and HIX have the following asymptotic property as t → ∞: lim t→∞ RHIX w, X(t) = (13) and
which obviously does not depend on ρ . Hence, when the period of interest is relatively longer, both the HIX and RHIX may fail to function as herd behavior measures. So far, we explained the asymptotic behaviors of two measure under two extreme cases: short-and longterm behavior. Especially when the HIX and RHIX are based on the long-term behavior of stock prices, both measures collapse to the constants as shown in (13) and (14) . Hence, before we apply the HIX and RHIX to measure herd behavior in practice, we need to investigate their behavior over various time windows. Figure  3(a) shows the behavior of both measures under the model in (5) with only two assets. More speci cally, we assume r = r = , w = w = , S ( ) = S ( ) = and calculate the HIX and RHIX under various σ = σ values. Examining the e ect of time windows on these two measures is equivalent to looking at them over various σ = σ values because we can reparametrize both measures in terms of σ * = σ √ t and σ * = σ √ t. As we can expect from (13) and (14), for large σ = σ , that is, for the long-term behavior, the HIX and RHIX converge to . and , respectively. On the other hand, when σ = σ are close to , the RHIX represents the dependence structure fairly well by distinguishing two settings, ρ = and ρ = . , more distinctly.
Similar patterns emerge when we assume the Normal Inverse Gaussian distribution (NIG) for the logreturns and the Gaussian copula to link the two marginal returns: NIG with four parameters is a popular choice of distribution for the log-returns [2] . The overall patterns are similar to the multivariate normal case in (5), except the convergence rate as t increases. Hence, we conclude that while the HIX and RHIX collapse to constants when the time interval of interest (equivalently, the size of volatility), is long (large), they are good herd behavior measures for the stock market in practice where the time interval of interest (equivalently, size of volatility), is relatively short (small). 
Conclusion
The CIX, HIX, and RHIX are single numbers re ecting herd behavior in the market. Since no single measure is all-encompassing and free of criticisms [12, 15] , we should understand which aspect of herd behavior these numbers re ect. In practice, we should estimate herd behavior measures with data. A popular estimation approach is the forward looking method using options prices. As Breeden and Litzenberger [4] showed, if the prices of the underlying assets, such as vanilla options prices, are available, the distribution of the underlying assets can be found; then, the implied version of herd behavior measures can be calculated. Under this risk-neutral measure, it will be interesting for future research to develop how to estimate a herd behavior measure not a ected by marginal distributions. For example, Ahn [1] developed a herd behavior measure depending only copula, but it is not straightforward to estimate it under the risk neutral measure. 
Then for the given c as in (16) 
where the equality in the rst inequality in (17) holds if and only if we can conclude that RHIX w, G(t) = RHIX w, X(t) .
Finally, from cova·w a − · X(t) = i≠ j a i w i a j w j cov X i (t) a i , X j (t) a j = covw X(t) , the proof of the second part is immediate.
